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Abstract
Relations between the tunneling rate and the unified first law of thermodynamics at the apparent
horizon of the FRW universe are investigated. The tunneling rate arises as a consequence of the
unified first law of thermodynamics in such a dynamical system. The analysis shows obviously how
the tunneling is intimately connected with the unified first law of thermodynamics through the
principle of conservation of energy.
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Since Hawking’s original work [1], Hawking radiation has been widely discussed for various
interests. Several derivations of Hawking radiation present in literatures [2]. Recently, a
semi-classical tunneling method [3, 4, 5, 6], attracts many people’s attention. The main
ingredient of this method is the consideration of energy conversion in tunneling of a thin
sell from the hole. Many calculations [7] have been investigated by using this method, and
the approach works perfectly. More recently, the general analysis [8, 9, 10, 11] found this
method gives an interesting result: the tunneling rate Γ ∼ e△S arises as a consequence of
the first law of thermodynamics for horizons holds the form, dE = TdS − PdV .
However, most analysis of Hawking radiation effect based on static background spacetimes.
There exist an event horizon, which is a global concept can be used to define the Hawking
temperature. Locally, it is not clear whether there is an event horizon associated with a
certain dynamical spacetime and this causes the difficulty to discuss in a dynamical situation.
Recently, Hayward et al. [12] proposed a locally defined Hawking temperature for dynamical
black holes where the Parikh-Wilczek [4] tunneling method is used.
Interestingly [13], on the apparent horizon of the Friedmann-Robertson-Walker(FRW)
universe, which is a dynamical system, the Friedmann equation can be rewritten as a ther-
modynamical identity, dEh = TdS + WdV . Further, using the tunneling method, Cai et
al. [14] recently proved that there does exist Hawking radiation associated with the locally
defined apparent horizon of the FRW universe. The Hawking temperature is measured by
an observer with the Kodama vector [15] inside the horizon.
To establish thermodynamics of dynamical spacetimes and to show how it is related with
gravity are important problems in General Relativity. Understanding Hawking radiation is
one of the key issues in steps toward this aim. In this paper, we would like to extend the work
in Ref. [9] to the FRW universe, and investigate how the tunneling is intimately connected
with the (unified) first law of thermodynamics through the principle of conservation of energy
in such a dynamical system, and whether the result that the tunneling formulas arises as a
consequence of the first law of thermodynamics for horizons holds the form, dEh = TdS −
PdV , is still reasonable or not. Indeed, our analysis finally shows that, from the unified first
law of thermodynamics at the apparent horizon of the FRW universe, one can also get the
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tunneling formula Γ ∼ e△S.
Throughout the paper, we take the unit convention G = c = kB = ~ = 1.
Let’s start from the unified first law of thermodynamics at the apparent horizons in the
FRW universe, which has the form
dEh = TdS +WdV, (1)
where W = (ρ−P )/2 is the work density with ρ and P are the energy density and pressure
of the perfect fluid, respectively. Actually, two kinds of interpretations can be used to
understand the identity (1). Dynamically, it is the energy balance under infinitesimal virtual
displacements of the horizon normal to itself, from this perspective, it must be linked with
conservation of energy and thus to the tunneling process. In standard thermodynamics,
it is a connection between two quasi-static equilibrium states of a system, which differing
infinitesimally in the extensive variables volume, entropy and energy by dV , dS and dEh,
respectively, while having same values the intensive variables temperature T , pressure P and
density ρ. Both of the states are spherically symmetric solutions of Einstein equations with
the radius of horizon differing by drh while having the same source Tµν .
Correspondingly, the whole setup can be considered from two different sides. Firstly, as a
result of tunneling, some matter either tunnels out or in across the horizon, therefore energy
of the whole spacetime changes, thus the energy attributed to the shell can be given out.
(Here, one should note that since the two different quasi-static equilibrium states have the
same source Tµν , when the particles radiating out of the horizon, they actrully have left
out of the space we dicussed.) Secondly, considering the s-wave WKB approximation, the
imaginary part of the action is directly related with the Hamiltonian of tunneling particles.
Thus, the first law of thermodynamics is crucial to connect the above two sides, energy
changes of the whole spacetime and the Hamiltonian of tunneling particles.
The 4-dimensional FRW metric takes the form
ds2 = −dt2 + a2(t)
( dr2
1− kr2
+ r2dΩ22
)
, (2)
where t is the cosmic time, r is the comoving coordinate, a(t) is the scale factor, dΩ22 repre-
sents the line element of a 2-dimensional unit sphere, and k = −1, 0, 1 is the spatial curvature
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constant. The metric (2) can be rewritten as ds2 = habdx
adxb + r˜2dΩ22, with x
a = (t, r),
hab = diag(−1, a
2/(1 − kr2)) and r˜ = a(t)r. By definition hab∂ar˜∂br˜ = 0, the radius of the
locally defined apparent horizon can be easily given out,
r˜ = r˜A ≡
1√
H2 + k/a2
, (3)
where H ≡ a˙/a is the Hubble parameter.
It is convenient to use the coordinates (t, r˜) to discuss the tunneling of particles. The
metric (2) can be rewritten as
ds2 = −
1− r˜2/r˜2A
1 − kr˜2/a2
dt2 −
2Hr˜
1− kr˜2/a2
dtdr˜ +
1
1− kr˜2/a2
dr˜2 + r˜2dΩ22. (4)
The radial null geodesic (ds2 = dΩ22 = 0) takes
dr˜
dt
≡ ˙˜r = Hr˜ ±
√
H2r˜2 +
(
1−
r˜2
r˜2A
)
, (5)
where +/− corresponding to outgoing/ingoing null geodesics. Since the observer is inside
the apparent horizon, we consider an incoming mode in the following discussion.
For the definition of surface gravity in such a dynamical systems, we prefer to Hayward’s
work [16], which is defined as Kb∇[aKb] = κKa, where K
a = −ǫab∇br˜ is the Kodama vector
corresponding to metric (4), and ǫab denotes the volume form associate with the (t, r˜) part.
The dynamical surface gravity can be equivalently expressed as
κ =
1
2
∇a∇br˜. (6)
Using the metric (4), one can find the surface gravity takes[13]
κ = −
1
r˜A
(
1−
˙˜rA
2Hr˜A
)
. (7)
From Eq. (5) and Eq. (7), near the apparent horizon, we have
˙˜r = −κ(r˜ − r˜A)
1
Hr˜A
(
1−
˙˜rA
2Hr˜A
)−1
. (8)
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The imaginary part of the action for an s-wave ingoing positive energy particle which
crosses the horizon inwards from r˜i to r˜f can be expressed as
ImS = Im
r˜f∫
r˜i
pr˜dr˜ = Im
r˜f∫
r˜i
pr˜∫
0
dp′r˜dr˜ = Im
H˜f∫
H˜i
r˜f∫
r˜i
dr˜
˙˜r
dH˜ =
H˜f∫
H˜i
dH˜
2T
Hr˜A
(
1−
˙˜rA
2Hr˜A
)
, (9)
where we have used the Hamilton’s equation ˙˜r = dH˜/dpr˜|r˜, the relation between Hawking
temperature and surface gravity T = |κ|/2π, and the contour integral at the pole r˜ = r˜A.
Evaluating the integral (9), the form of the Hamiltonian dH˜ is necessary to be given
out. Now, appealing to energy conversation, we turn to the system to guess the form of
dH˜. However, explicit time-dependence in a dynamical system, the Hamiltonian is no-longer
equal to the total energy of the system. Luckily, according to Hayward’s work, we still can
determine out the relation between the Hamiltonian and the total energy of the system.
Two conserved currents can be introduced in our spherical dynamical system. The first
is the Kodama vector Ka, and the corresponding conserved charge is the area volume V =∫
σ
Kadσa = 4πr˜
3/3, where dσa is the volume form times a future directed unit normal vector
of the space-like hypersurface σa. Another is defined as the energy-momentum density j
a ≡
T ab K
b along the Kodama vector, and the conserved charge is E = −
∫
σ
jadσa which is equal
to the Misner-Sharp energy.
The total energy inside the apparent horizon can be given as Eh = r˜A/2, which is the
Misner-Sharp energy with the radius r˜ = r˜A of a spherical system [13]. The energy outside
the region can be expressed as Em = −
∫
σ
T ab K
bdσa, where the integration extends from the
apparent horizon to infinity. Thus the total energy of the spacetime can be expressed as
ET =
r˜A
2
−
∫
σ
T ab K
bdσa. (10)
As a result of tunneling, the parameters (mass, charge, etc.) which fix the radius of the
horizon change, and this further leads to a change in the radius of the horizon. We can
convince that the only physical change occurring due to the process of tunneling is the
radius of the horizon. The two states have radius r˜A and r˜A + δr˜A, respectively, but have a
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common source Tµν of perfect fluid with nonzero pressure P and energy density ρ near the
apparent horizon.
However, in our case, we would like to emphasize that as a conserved charge the Misner-
Sharp energy is considered from the viewpoint of a so-called Kodama observer, whose world-
lines are the integral curves of the Kodama vector. For the metric (4), the Kodama vector
is Kµ = (
√
1− kr˜
2
a2
, 0, 0, 0). The energy-momentum tensor of the perfect fluid corresponding
to the comoving coordinate (2) has the form, Tµν = (ρ+ p)UµUν + pgµν . It is easily to find
that the (0, 0) component of energy momentum tensor corresponding to the metric (4) takes
T 00 = −ρ.
Now, we can give the energy changes between the final and initial states of the tunneling
process, which contributes to the shell from the viewpoint of a Kodama observer. According
to energy conservationwe have
dH =EfT (r˜A + dr˜A)− E
i
T (r˜A)
=
δr˜A
2
−

 ∞∫
r˜A+δr˜A
−
∞∫
r˜A

T 00K0dσ0 = δr˜A2 −

 ∞∫
r˜A+δr˜A
−
∞∫
r˜A

T 00Kadσa
=dEh − ρdV. (11)
Since the energy difference dH is measured by a Kodama observer inside the apparent hori-
zon, near the apparent horizon we have
dH˜ =
dH√
1− kr˜
2
a2
|r˜=r˜A
=
dH
Hr˜A
(12)
Substituting Eq. (11) and Eq. (12) into Eq. (9), yields
ImS =
Hf∫
Hi
dH
2T
(
1−
˙˜rA
2Hr˜A
)
=
∫
dEh − ρdV
2T
(
1−
˙˜rA
2Hr˜A
)
. (13)
The above expression can be further simplified. The Friedmann equation of spacetime and
the continuity equation of the perfect fluid Tµν have the form
H2 +
k
a2
=
8π
3
ρ, ρ˙+ 3H(ρ+ P ) = 0. (14)
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Using Eq. (3) and the Friedmann equation, one can easily check that the total energy inside
the apparent horizon satisfies Eh = r˜A/2 = ρV with V = 4πr˜
3
A/3. Thus, we have
dEh = d(ρV ) = V ρ˙dt+ ρdV = −3H(ρ+ P )V dt + ρdV. (15)
Combining Eq. (13) and Eq. (15), one can obtain
ImS =
∫
dEh −WdV
2T
, (16)
where W = (ρ− P )/2 is the work density.
Using the unified first law of thermodynamics Eq. (1), from Eq. (16) we finally have
ImS =
∫
dS
2
. (17)
Now, one can immediately obtain the semi classical tunneling rate in the FRW universe,
Γ ∼ e−2ImS = e
−
R Sf
Si
dS
= e−△S, (18)
where △S = Sf − Si. This is the well-known result obtained in Ref. [4] for a general,
stationary, asymptotically flat, spherically symmetric black hole background. And as a
consequence of the first law of thermodynamics, this result appears in Refs. [9, 10]. Here, we
recover it in a dynamical spacetime background, the FRW universe. The minus signs which
appear in the last two exponential index in Eq. (18) causes by the entropy differences of
initial and final states of the system, here obviously we have Sf > Si.
In summary, we analyze how tunneling is intimately connected with the unified first law
of thermodynamics through the principle of energy conversation in a dynamical system, the
FRW universe. Our discussion shows that the tunneling rate arises as a natural consequence
of the unified first law of thermodynamics dEh = TdS +WdV at the apparent horizon.
On the other hand, our proceeding clearly expresses the physical meaning of the locally
defined Hawking temperature T = |κ|/2π, which is associated with the apparent horizon of
the FRW universe. For such a dynamical system, the Hawking temperature is measured by
an Kodama observer inside the horizon.
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